The Hamiltonian describing a single ion placed in a potential trap in interaction with a laser beam is studied by means of a suitable perturbative approach. It is shown, in particular, that the rotating wave approximation does not provide the correct expression, already at the first perturbative order, of the evolution operator of the system.
Introduction
Trapped ions in interaction with laser beams are extremely useful tools for investigating fundamental aspects of quantum physics. For instance, they have been used for the generation of coherent, squeezed [1] , and Schrödinger-cat states [2] , as well as for the preparation of entangled Bell and Greenberger-Horne-Zeilinger (GHZ) states [3, 4] . They have also important experimental applications as, for instance, precision spectroscopy [5] and laser cooling [6] [7] [8] .
Recently, the interest in laser-driven ion traps has received a new impetus, in view of possible applications in the fastly developing area of quantum computing. Indeed, in a quantum computer (QC), information is stored in a 'quantum register' composed of N two-level systems representing the quantum bits, or qubits [9] . The storage of data and all the basic operations are implemented by inducing controlled dynamics on the quantum register [10] . Since a QC is a quantum mechanical system, it can perform superpositions of computation operations with a remarkable gain of efficiency with respect to a classical computer; a typical example is the solution of the problem, fundamental for some cryptographic schemes, of factoring large numbers into primes [11] . In 1995 Cirac and Zoller [12] proposed a concrete 30 Paper submitted by the authors in English December 10, 2003. 1071-2836/04/2501-0030 c 2004 Plenum Publishing Corporation model for a ion-trap computer consisting of N atomic ions trapped in a parabolic potential well, each ion being regarded as a two-level system, hence as a realization of a qubit. The control of the quantum degrees of freedom is achieved by addressing the ions with time, frequency, and intensity controlled laser beams (see also [13, 14] ). All the applications mentioned above are realized by ion traps with a linear geometry. In such traps, a strong confinement is induced along the y and z axes, while a weak harmonic confinement is induced along the principal trap axis x. This confinement scheme is realized by the Paul linear trap [15] . N ions in a linear trap will form a chain along the principal trap axis. This allows one to reduce the initial 3N -dimensional model to a N -dimensional one, which can be treated conveniently by the introduction of the normal coordinates of the ion chain [16] . As already mentioned, controlled dynamics can be induced on the ion trap by means of laser beams. The Hamiltonian describing the total system [16, 17] , which we will call simply the 'ion trap Hamiltonian' (ITH), in spite of its relative formal simplicity, gives rise to a Schrödinger equation whose exact solutions are not known and its study requires the adoption of suitable approximations. The stantard method used is the rotating wave approximation (RWA) [18, 19] . The RWA is a very popular technique in quantum optics and, in general, in the study of resonance phenomena since it leads to considerable simplifications in many calculation procedures. It consists essentially in passing to the interaction picture and then dropping those terms of the effective Hamiltonian, which are rapidly oscillating (usually called 'counterrotating terms' or 'virtual terms'). Using this technique and the Lamb-Dicke approximation [20] , the ITH can be reduced to an effective Hamiltonian formally identical to the Hamiltonian of the Jaynes-Cummings model (JCM) [21, 22] in the interaction picture, hence explicitly integrable.
Despite its great popularity, the general validity of the RWA is rather uncertain. In particular, the application of the RWA to the evaluation of the evolution operator is justified only by semiqualitative arguments and the ubiquity of this procedure is mainly due to the chance of performing explicit calculations partially supported by the prediction of some experimentally observable phenomena, for instance the typical 'collapses and revivals' in two-level systems [23] [24] [25] . Thus, some attempts of taking into account the impact of counter rotating terms have been made. Specifically, perturbative corrections to the energy spectrum [26] and corrections to the time evolution by means of path integral [27] and perturbative [28] [29] [30] techniques have been investigated. It should also be mentioned that an attempt at considering the counterrotating contributions is already present in the classical study of the magnetic resonance done by Bloch and Siegert [31] and in the later related work of Shirley [32] . Anyway, the validity of all these approaches, as well as of the RWA itself [33] , rests on the smallness of the coupling constant, which in the case of a laser-driven ion trap is proportional to the intensity of the laser field. This is a severe drawback since an intense laser field implies a fast coupling between the two internal energy levels of the trapped ions, for instance, a fast QC.
In the present paper, we propose to study the ITH using a perturbative approach along new lines with respect to the existing literature. Since, by virtue of the normal coordinates of the ion chain, the N -ion case does not introduce any essential complication with respect to the single-ion case (especially if the nonharmonic component of the ion-ion interaction can be neglected), we will restrict ourselves, for the sake of simplicity, to the latter case. Obviously, the N -ion case is of great interest for the applications and will deserve particular attention in a forthcoming paper [34] .
We proceed as follows. First, we notice that passing to a 'rotating frame,' i.e., to a suitable interaction picture, the ITH transforms into a time-independent Hamiltonian which we will call the 'rotating frame Hamiltonian'
